§ Covo.ﬁavd' dervivatives

G?vew a Surface S < iR% , recall #hat a vector feld on S

X . S —_ Rg (SW\oo‘b\a)
* 1S +au5w'\'€a| f X‘, (4 T‘,S VpeS
¢ is normal ¥ X ¢(T,S) VpeS

DC;‘F: : % (S) = { ‘\'anﬁeu{—ic\\ vectoy fields an S H

%L(S) i s { norwmal vectoy fetds on Sl)

&1 How to diHferenttate vectoy fetds iy X(©S) 2

A'- Covav:ow\'\' deﬂua‘h‘ues'

DQ‘F!": Given X , Y e *(S) ) define the coveriant

devivative 0'(L Y aleu% X as

va = (DY )T

wheve (- )T veders 4o He tongewtial component of a vector

based at P € S aCCovdw‘ns 4o ‘e Of-@kojoual S?‘ﬁ*t‘hé



v v (*)
v = v¥ 4+ vt

(ae‘,ws> (R9T,R = T,s @ (T,5)"
own ?

Rewmaorks : (1) Reesht tat DY (p) depemés ONLY on

(o) +he vector Xp
and  (b) +he vales of Y restricted o ANY  curve

o:(-£,£) = R° st 0UI=ZP , ot'(o) = X?

DY (p) = :Tt t Y (o (+))

Heucl, +his it well-defrned evem

X, Y are ovly defined on S .

(2) X, € %(S) > VY e X(S)

We nNow S‘t’uc\/j Sowme flMPo't'fAv\"’ PYDPM{'"CI v'F v .



Roerties of UV :let X,Y,Z e X(S), fecC(5),

Q , b ove veal coustants.

(1) Liuear?'ho in both vartables:
Vx( a¥Y +bZ) = aN, Y + b Y7
Vexswy & =001 + bU T

(2) Liebwniz vule: V*( Y) = X)) Y «+ U,Y

(3) Tewsorial : \V) X\( = VXY

(4) Tovsiow free: VXY - VUsX = [x,Y1]

(5) Metric c»w?am\o? \i'ha :

XY, Z> = <KUY, LY+ <X, UT>

Qewmk: The covariewt dervivative

T X(S) x ¥(5) —— X(S)

X Y +— ¥V, ¥

»

s uw‘%ml.a defined by progerties 1) = (5) obove!

) Fundamental Theovem of Rlewmanunran 9eowwtwa"



M T+ follows from +he fact et (1) - (5) ave
“ w . 3
satifred with \ vV fep\aczd b‘a D for vector fetds in R

Eg. To prove (s)

)

X <Y, 25 = <DY, 2>+ <Y, V&>

(smee Y. 2 eX(9) = <(DY),Z> + <Y, (D) ¥
— i

Ux Y Ux?Z




